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Abstract—For multicomputer or distributed systems that use circuit switching, wormhole routing, or virtual cut-through (the last two are
collectively called the cut-through switching), the communication overhead and the message delivery time depend largely upon link
contention rather than upon the distance between the source and the destination. That is, a larger communication overhead or a longer
delivery delay occurs to a message when it traverses a route with heavier traffic than the one with a longer distance and lesser traffic.
This characteristic greatly affects the selection of routes for interprocessor communication and/or load balancing. We consider the
load-balancing problem in these types of systems. Our objective is to find the maximum load imbalance that can be eliminated without
violating the (traffic) capacity constraint and the route to eliminate the imbalance while keeping the maximum link traffic as low as
possible. We investigate the load-balancing problem under various conditions. First, we consider the case in which the excess load on
each overloaded node is divisible. We devise a network flow algorithm to solve this type of load balancing problem optimally in
polynomial time. Next, we impose the realistic assumption that the system uses a specific routing scheme so that the excess load
transferred from an overloaded node to an underloaded node must use the route found by the routing scheme. For this case, we use a
graph transformation technique to transform the system graph to another graph to which the same network flow algorithm can be
applied to solve the load balancing problem optimally. Finally, we consider the case in which the excess load on each overloaded node
is indivisible, i.e., the excess load must be transferred as an entity. We show that the load-balancing problem of this type becomes

NP-complete and propose a heuristic algorithm as a solution.

Index Terms—Load balancing, minimax flow problem, excess/deficit load, overloaded/underloaded nodes, link traffic.

1 INTRODUCTION

IN distributed /multicomputer systems, the storage of each
computer/node may have been overloaded or under-
loaded as data and/or files are created and deleted. This is
more likely to occur as large files for such applications as
multimedia are frequently created /deleted and transferred.
Since there is usually limited storage space at a node,
uneven data/file distribution may result in inefficient use of
storage and affect the ability of future data/file creation. For
example, some nodes may not have sufficient space to store
new data/files even if the overall system has sufficient
space for all the data/files. Load balancing in this respect is
thus to transfer the excess (data) load on overloaded nodes
to underloaded ones to balance the (data) load among all
the nodes in the system. For this load balancing, we need to
efficiently transfer the excess load without affecting com-
munications within and/among the existing applications.
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For distributed/multicomputer systems that use circuit
switching, wormhole routing [1], or virtual cut-through [2],
the communication overhead and the message delivery
time depend largely upon link contention rather than upon
the distance between the message’s source and destination.
That is, a larger communication overhead or a longer
delivery delay results when a message traverses a route
with heavier traffic than the one with a longer distance and
less traffic. System performance depends largely upon how
evenly the traffic is distributed in wormhole routing [3].
This characteristic greatly affects the selection of routes for
interprocessor communication (IPC) or load balancing. The
objective of selecting a route for IPC or load balancing is
thus to balance the network load among all links and
reduce the probability of link contention.

The major difference between IPC and load balancing is
that, in the former, we must select a route or routes for each
pair of communicating processors, while, in the latter, we
can select a route or routes from an overloaded node to one
or more underloaded nodes. Note that the excess load on an
overloaded node can be transferred to any underloaded
node or nodes, instead of a particular one. Because of this
difference, most, if not all, of the variations of the IPC
routing problem are NP-hard, while optimal algorithms of
polynomial-time complexity exist for several variations of
the load-balancing problem. Bianchini and Shen [4] pre-
sented a traffic scheduling algorithm that yields optimal
network traffic patterns in multiprocessor networks.
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Kandlur and Shin [5] studied the route-selection problem
for interprocessor communication in multicomputer net-
works equipped with virtual cut-through switching cap-
ability. Bokhari [6] solved the load-balancing problem in
circuit-switched multicomputers. He found the largest
amount of load imbalance that can be eliminated without
contention under several restricted assumptions: 1) There is
“unit” load imbalance; 2) there is a fixed routing algorithm;
3) no more than one unit of excess load can be transferred
via any link. Moreover, his solution does not take into
account the other IPC traffic.

This paper deals with the route-selection problem for
balancing the load in multicomputer/distributed systems
that use circuit switching, wormhole routing, or virtual cut-
through. We assume that load imbalance on each node can
be any arbitrary value, instead of one unit only, and each
link has a capacity constraint. Our main concern is to find
the maximum load imbalance that can be eliminated
without violating the capacity constraint on each link and
to select routes to eliminate the imbalance while keeping
maximum link traffic flow as low as possible. While
transferring the excess load from overloaded nodes to
underloaded ones balances the storage load among all
nodes, minimizing the maximum link traffic among all links
balances the communication load among all links. More-
over, the remaining link capacities can be used for other
communications. Two cases of loads are studied. First, we
consider the case in which the excess load on each
overloaded node is divisible, i.e., can be arbitrarily
divided and transferred to one or more underloaded
nodes. Second, we consider the case in which there may
be one or more entities of excess load on each node and
each of them is indivisible and must be transferred to an
underloaded node as a single entity. We also take into
account the effect of existing IPC traffic on route selection
for transferring excess load.

In [6], Bokhari considered multicomputer systems that
use some specific routing schemes such as row-column
routing in meshes and e-cube routing in hypercubes. He
used a graph transformation technique and a network flow
algorithm to solve the load-balancing problem in these
systems. The graph transformation schemes used for
meshes and hypercubes are different. In contrast, we
consider multicomputer/distributed systems with and
without specific routing schemes and propose a simple,
unified graph transformation scheme which transforms a
graph with a specific routing scheme into a graph without
the specific routing scheme. We solve the load-balancing
problem using a network flow algorithm in the graph
without the specific routing scheme.

With the proposed graph transformation scheme and the
network flow algorithm, we show that, for the case of
divisible excess load, the load-balancing problem with or
without specific routing schemes can be solved optimally in
polynomial time, ie., we can find the maximum load
imbalance that can be eliminated without violating the
traffic capacity constraint on each link while minimizing the
maximum contention among all links. For the case of
indivisible excess load, we first prove that the load-balancing

problem is NP-complete and then propose a heuristic
algorithm for it.

The rest of the paper is organized as follows: In Section 2,
we formally define the load-balancing problem considered
in this paper, transform it into a network flow problem, and
briefly review a network flow algorithm to solve our load-
balancing problem. In Section 3, we solve the load-
balancing problem under the assumptions that excess load
is divisible and there is no specific routing scheme in the
system under consideration. Section 4 shows how to
transform the graph representing a system with a specific
routing scheme to another graph so that the technique
described in Section 3 can be used to find an optimal
solution for the load balancing in the system. In Section 5,
we give an NP-complete proof and a heuristic algorithm for
the load-balancing problem with indivisible excess load.
The paper concludes with Section 6.

2 PROBLEM FORMULATION AND A NETWORK FLOW
ALGORITHM

2.1 Problem Formulation

The system under consideration is either a distributed
point-to-point network or a multicomputer with an inter-
connection structure, such as a mesh or a hypercube. We
will use a directed graph G = (V,E) to represent the
system, where the vertex set V represents the set of nodes/
processors in the system and the edge set E represents the
set of communication links.

When the system needs to perform load balancing, each
node is either overloaded, underloaded, or neutral. The
excess and deficit loads can be any arbitrary values, as
opposed to only one unit as assumed in [6]. Let s;,1 <1 < p,
be overloaded nodes and t;,1 < j<g¢ be underloaded
nodes. The excess load on an overloaded node s; € V is
denoted by e; and the deficit load on an underloaded node
t; € Vis denoted by d;. As in [6], we assume that the global
state of the system and the degree of load imbalance on
each node are known to the load balancing controller. We
require at most e; units of load to be transferred from an
overloaded node s; to underloaded nodes and at most d;
units of load to be transferred to an underloaded node t;
from overloaded nodes. We call this requirement the load
transfer constraint. A traffic capacitor function C' is defined
on the edge set F, ie., each link (v;,v;) € E is associated
with a traffic capacity C(v;,v;), which is the maximum
communication volume that can be transferred along the
link (v;,v;) during load balancing. The link capacity
constraint restricts the total communication volume on a
link (v;,v;) from exceeding the link traffic capacity C(v;,v;)
during load balancing.

The load-balancing problem we consider is to find the
maximum load imbalance that can be eliminated without
violating any link capacity constraint and to select the
routes to eliminate the load imbalance, while keeping
maximum link traffic flow as low as possible. During load
balancing, minimizing the maximum link traffic balances
the communication load among all links.

This load-balancing problem can be transformed into a
network flow problem if we construct a new graph G’ as
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Fig. 1. Graph construction for load balancing.

follows: G'=(V',E'), where V' =V U{s,t}, EE=FEU
{(s,s:) | si is an overloaded node, 1 <i < p} U{(¢;,t) | ¢; is
an underloaded node, 1 < j < ¢} as shown in Fig. 1. In other
words, a new graph G’ is constructed by adding to a graph
G a new source node s, a new sink node ¢, new edges
connecting from the source node s to each overloaded node
si, and new edges connecting from each underloaded node
t; to the sink node ¢. The traffic capacity C'(s,s;) on a new
edge (s, s;) is the excess load value e;, C'(¢;,t) on a new edge
(tj,t) is the deficit load value d;, and C'(v;,v;) for a edge
(vi,vj) € E is C(v;,v;). The maximum load imbalance that
can be eliminated in a graph G is the maximum flow from
the source node s to the sink node ¢ in a new graph G’ and
can be obtained by running a maximum flow algorithm [7].
However, we also want to keep the maximum of link traffic
as low as possible and this can be solved not by a maximum
flow algorithm, but by the minimax flow algorithm [8].

The minimax flow problem is to find a maximum flow
for a network that also minimizes the maximum edge cost,
where the cost of an edge is defined to be the weight times
the flow of the edge. The minimax flow problem with 0/1
weights is a special case of the minimax flow problem in
which the weight of each edge is either 0 or 1. The edge cost
is the link traffic during load balancing. Since new edges in
the new graph G’ do not correspond to communication
links, their traffic need not be kept as low as possible and
their edge cost is zero and, thus, their weights are zero. The
cost of an edge corresponding to a communication link is its
link traffic and, thus, its weight is one. Therefore, the load-
balancing problem in this paper can be transformed into a
minimax flow problem with 0/1 weights. Its solution
algorithm was proposed in [8].

The system may or may not use a specific routing
scheme. The system with a specific routing scheme must be
transformed into the system without specific routing
schemes as network flow algorithms including a minimax
flow algorithm do not consider specific routing schemes.

2.2 The Minimax Flow Algorithm

Before describing our solution for the load-balancing
problem, we first give a brief review on the minimax flow
problem and algorithm. Details on the network flow
problem and the minimax flow problem/algorithm can be
found in [9] and [8], respectively. The minimax transportation
problem, similar to the minimax flow problem, can also be
found in [10].

Let N=(V,E,s,t,C) be a network with node set V,
edge set E, source s, sink ¢, and capacity function
C:E— RtU{0}, where G=(V,E) is the underlying
directed graph with |[V|=n and |E| =m, and R" is the
set of positive real numbers. Each edge (u,v) € E is also
associated with a nonnegative real-valued weight w(u, v). If
w(u,v) is either 0 or 1 for all edges (u,v) € E, we say that the
network has a 0/1 weight function w.

For convenience, we extend the capacity function and
weight function to all vertex pairs by defining C(u,v) =0
and w(u,v) = 0 for all (u,v) € E. A flow in a network N is a
function f:V xV — RTU{0} that satisfies the following
properties:

1. Capacity constraint: 0 < f(u,v) < C(u,v), for all
u,v € V.
2. Conservation condition: Y ., f(v,u) =3 oy flu,v),
for all u e V —{s,t}.

For each edge (u,v) € E, f(u,v) is called the flow in (u,v).
For each (u,v) € V x V, f(u,v) — f(v,u) is called the net flow
from u to v. The capacity constraint states that the flow in
(u,v) is bounded by the capacity C(u,v) and the conserva-
tion condition states that the net flow going into a node,
except the source and the sink, is equal to the net flow going
out of the node. The value of a flow f, denoted as |f|, is the
net flow going out of the source, i.e., >, ., (f(s,v) — f(v,9)).

If (u,v) € £ and f(u,v) = C(u,v), we say that flow f
saturates edge (u,v) and call (u,v) an f-saturated edge in
N. The cost (with respect to flow f) of each edge (u,v) €
E is defined to be w(u,v)- f(u,v). The minimax flow
problem is to find a maximum flow f which minimizes
max, e w(u,v) - f(u,v). Since our load-balancing problem
can be transformed to the minimax flow problem witha 0/1
weight function, we shall henceforth concentrate on net-
works with 0/1 weight functions.

Definition. Given a network N = (V,E,s,t,C) with a 0/1
weight function w, define N(3) = (V, E®, s,t,C?) to be a new
network with B = E and C%(u,v) = C(u,v) if w(u,v) = 0
and C%(u,v) = min(C(u,v), B) if w(u,v) =1, for each edge
(u,v) € E. An edge (u,v) € E” is called a critical edge if
w(u,v) =1 and CP(u,v) = B < C(u,v).

The maximum edge cost allowed for the network N(f3) is
B. Let f* be a maximum flow in N and f? a maximum flow
in N(3). Since C”(u,v) < C(u,v) for all (u,v) € E, we have
|f°] < |f*| for all 3 > 0 and, thus, | f*| is the maximum value
of all |f?|. Therefore, the minimum value of the maximum
edge cost for a maximum flow in N, §* is the minimum
value of 3 such that || = |f*].

Definition. 3* = min{3 | 8 > 0 and |f°| = | f*|}, where f’ isa
maximum flow in N(5).

We proposed in [8] a minimax flow algorithm, MMCO1,
as a solution to the minimax flow problem with a 0/1
weight function. MMCO01 simply finds #* and constructs a
maximum flow f7 for the network N(3*). For complete-
ness, we list Algorithm MMCO1 in Fig. 2 and summarize it
below. However, for the sake of conciseness, we omit the
proofs of the correctness and time complexity of the
algorithm. The interested reader is referred to [8] for details.
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Algorithm MMC01

Step 1. Find a maximum flow f* and its value | f*| for the network N = (V, £, s,t,C').

Step 2. Let ¢ be the number of edges with nonzero weights in N (w.l.o.g. assume ( > 1).

Let \:={¢+1and g3 :=0.

Step 3. Construct network N(3) = (V, E? s,t,CP).

Find a maximum flow [ and its value | /*| for N(3).

If |f%] = |f*| go to Step 5.
Step 4. Let A := [f* — | /7.

Let R be the set of f7-saturated critical edges in N(3), i.e.,
R:={(u,v) € E” [w(u,v) = Land f*(u,v) = CP(u,v) = § < C(u,v)}.
Let A := min(|R|,A —1)and 7 := 3+ A/A.

Go to Step 3.

Step 5. A maximum flow, f # that minimizes the maximum edge cost is found, and the maximum

edge cost with respect to flow f7 is 3.

Fig. 2. Algorithm for minimax flow problem with a 0/1 weight function.

The idea behind Algorithm MMCO1 is that, in each
iteration, variable ( of the constructed network N(() is set
to the maximum edge cost allowed in that iteration. With
this maximum edge cost, the capacity of an edge (u,v) with
w(u,v) =1 is set to min(C(u, v), 8), i.e., the flow allowed to
go through edge (u,v) is restricted to min(C(u,v), 3). The
algorithm repeatedly constructs maximum flows for net-
works N(8) with increasing values of §. Initially, §:=0
(Step 2). If |f°] = |f*|, there is a maximum flow with zero
cost. Otherwise, if |f’|=|f*| and |f”|<|f*| for all
0 < ' < B, the optimal value of S (i.e., the minimum value
of the maximum edge cost, 5) is found.

In Step 3, if |f°| < |f*|, the optimal value of 3 has not
been found. For each (u,v) € B’ =E, if w(u,v) =1 and
P (u,v) = C%(u,v) = B < C(u,v), (u,v) is an f-saturated
critical edge in N(f). Therefore, to get a larger flow, we
need to increase the capacities of critical edges. Let A and A
be defined as in the algorithm (Step 4). It has been shown in
[8] that 8+ A/X\ < 3*. Hence, we set 3:= 3+ A/X and
repeat the process. This assignment guarantees that the
value of (3 is always less than or equal to the optimal value
B* and, upon termination, | i | = |f*| and, hence, 5 = *.

The time complexity of Algorithm MMCO01 is shown in
the following theorem.

Theorem 1. Algorithm MMCO1 terminates in at most £ iterations
and, hence, has a time complexity of O(¢ - M(n, m)), where £ is
the number of edges with nonzero weight and M (n,m) is the
time complexity of the algorithm to find a maximum flow in a
network with |V|=mn vertices and |E|=m edges and
1</<m.

Proof. See [8]. O

If the capacity C and flow f in N are not nonnegative real
numbers but nonnegative integers, Algorithm MMCO01 can
still be applied to find a (integral) minimax flow for the
network N except that the statement § := §+ A/X in Step 4
should be changed to 3:= 3+ [A/A].

3 SYSTEMS WITHOUT SPECIFIC ROUTING SCHEMES

In this section, we discuss the load-balancing problem for
systems without being constrained by any specific routing
scheme, i.e., the excess load to be transferred from an
overloaded node to an underloaded node can use any path
between them.

We first consider the case in which the excess load on
each overloaded node can be arbitrarily divided and
transferred to one or more underloaded nodes along
different routes. In the case where excess load is indivisible,
i.e., each overloaded node may have one or more entities of
excess load each of which can only be transferred to an
underloaded node as an entity, the load-balancing problem
becomes more difficult. We will discuss this case in
Section 5.

For the case that excess load is arbitrarily divisible,
Algorithm MMCO01, described in Section 2.2, can be easily
applied to find the maximum amount of load imbalance
that can be eliminated and to select the routes for load
balancing, minimizing the maximum link traffic. An
algorithm for load balancing of divisible excess loads
consists of two steps. In Step 1, we construct a new graph
as described in Section 2.1. In Step 2, we use the MMCO01
algorithm described in Fig. 2 to find a minimax flow f. This
algorithm is listed in Fig. 3.
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Algorithm DIV-MMC01

Given a graph G = (V, 1Y), where

1 <i¢<p,and C'(t;,t) =djforl <j <

w(u,v) = 0.

Step 1. Constructanetwork N = (V' F',s,1,C’), where V! = VU {s, 1}, £
< pl U0 |1 <5 < g), C'u,o)

Step 2. Use Algorithm MMCO1 to find a minimax flow f for N.

EU{(s,s;)]1<
C(u,v) for (u,v) € E, C'(s,s;) = ¢; for
q. Let w(u,v) =1 for (u,v) € K, and otherwise,

Fig. 3. Algorithm for balancing divisible excess loads.

When there is additional communication traffic gener-
ated by existing applications, Algorithm DIV-MMCO01
should be modified. Let F(u,v) be the estimated commu-
nication traffic volume by current applications during load
balancing. Since the capacity of link (u,v) that the load-
balancing traffic can use is reduced from C(u,v) to
C(u,v) — F(u,v), the network N(8) in Algorithm MMCO01
of Phase II should be redefined as follows:

Definition. Let N = (V'  E',s,t,C"), w, and F be defined as
above. Define N(B) = (V', E®, s,t,C?) to be a new network
with E° = E' and C%(u,v) = C'(u,v) — F(u,v) if w(u,v) =
0 and C°(u,v) = min(C'(u,v) — F(u,v), 8 — F(u,v)) if
w(u,v) = 1, for each edge (u,v) € E. An edge (u,v) € E” is
called a critical edge if w(u,v) =1 and

% (u,v) = min(C’(u,v) — Flu,v), 8 — F(u,v))
< C'(u,v) — F(u,v).

Moreover, the initial value of 5 in Step 2 of MMCO01 should
be changed to max, ,)cx F(u,v). In this case, the value of
in each iteration of MMCO01 is the maximum link traffic
allowed for that iteration, where link traffic include both
existing communication traffic and load balancing traffic,
F(u,v) + f(u,v).

Our algorithm is compared with the algorithm that uses
a maximum flow algorithm instead of MMCO1 in Step 2 of
Algorithm DIV-MMCO01. We applied the two algorithms to
an 8 x 8 mesh network. It is assumed that the capacity of
every link is 1,000 and there are four overloaded nodes and
four underloaded nodes. Every underloaded node has a
deficit load of 2,000 and the excess loads of all overloaded
nodes have the same size. The size of excess load was
varied from 0 to 1,300. The maximum amount of load
imbalance that can be eliminated by our algorithm is the
same as that by the maximum flow algorithm. However, the
maximum link flow in our algorithm is much lower than
that in maximum flow algorithm except in cases of large
excess loads, as shown in Fig. 4.

4 SYSTEMS WITH SPECIFIC ROUTING SCHEMES

In this section, we discuss the load-balancing problem for
systems with specific routing schemes. In a deterministic
routing algorithm or a partially adaptive routing algorithm,
selection of the routing path is restricted to a subset of
possible paths and selection of an output link can be
restricted by the input link. For example, the row-column
(or XY') algorithm in meshes routes a packet first along the
X dimension and then along the Y dimension. In this
algorithm, a packet input along the Y dimension cannot be
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Fig. 4. Maximum link flows when excess load is divisible.
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Fig. 5. lllustration of graph transformation.

forwarded along the X dimension. The e-cube routing
algorithm in hypercubes routes a packet first along the
lowest dimension and then along the higher dimensions,
and cannot forward a packet along lower dimension than its
input dimension. The west-first routing algorithm in
meshes based on the turn model [11] routes a packet first
west, if necessary, and then adaptively south, east, north. In
the west-first algorithm, a packet input along a dimension
other than west cannot be transferred along west. We need
to transform a graph with a specific routing scheme into a
graph with no specific routing scheme in order to prevent
flow from being forwarded along a path that is impossible
under a specific routing when a network flow algorithm is
executed.

Given a system graph G = (V, E) with a specific routing
scheme, we can transform G into another graph G' =
(V’, E') without a specific routing scheme according to the
following rules (see Fig. 5):

R1. Each node v, € V is split into d(v,) nodes in G’, where
d(vy) is the total degree of node v,. If (v;,v,) € E, there is
anode vl € V', which is called an input splitting node of
v, and if (vz,v;) € E, there is a node v%; € V', which is
called an output splitting node of v,.

R2. For each edge (v;,v,) € E, there is a corresponding edge
(v, vl ) € E' with the capacity C'(v?,v]) = C(v;,v,) and
the weight of 1. (This edge corresponds to a real
communication link.)

R3. If the path along two consecutive edges (v;,v,) and
(vg,v;) is possible, there is an edge (v],,v0)) € E' with the
capacity C (vl ,v?, /) oo and the weight of 0. We call this

edge an internal edge.

R4. There is a source node s € V'. For each overloaded
node v; € V, there are a node s; € V' and an edge
(s,s;) with the capacity C(s,s;) = ¢; and the weight of
0, where ¢; is the excess load on v;. For each output
sphttmg node U €V’ of a node v;, there is an edge
(si,09) € E with the capacity C(s;,v?) =¢; and the
weight of 0.

R5. There is a sink node t € V'. For each underloaded
node v; € V, there are a node t; € V' and an edge (¢;,t)

Fig. 6. The transformed graph of a 3 x 3 mesh that uses the row-column
routing scheme.

with the capacity C(¢;,t) =d; and the weight of 0,
where d; is the deficit load on v;. For each input
sphttmg node v!. € V' of a node v,, there is an edge
(vl vy tj) € B w1th the capacity C(vl.,t;) =d; and the
weight of 0.

z]’

After the system graph G is transformed into G’, we can
treat the system represented by G’ as one without any
specific routing scheme and solve the load-balancing
problem by finding a minimax flow for the network N =
(V',E',s,t,C") with the weight function w as described in
Section 3, where G = (V', E’) and C’ and w are the capacity
and weight functions defined in rules R1-R5.

The transformed graphs (obtained by applying only
rules R1-R3) of a 3 x 3 mesh that uses the row-column
routing scheme are shown in Fig. 6. Each node in three-
dimensional hypercubes with the e-cube routing and each
node in meshes with the west-first routing are transformed
as shown in Fig. 7. Note that we assume each link between
two adjacent nodes v and v in a mesh or a hypercube is a
bidirectional communication link and, thus, there are two
directed edges (u, v) and (v, u) corresponding to this link in
the graph representation of the mesh or the hypercube.

5 SyYSTEMS WITH INDIVISIBLE EXCESS LOADS

In this section, we discuss the case in which the excess load
is indivisible. We assume that there is no specific routing
scheme in the system. For systems that use certain specific
routing schemes, one can first apply the graph transforma-
tion rules described in Section 4 to the representing graph

£ dimension 2

imension 0

(@) (b)

Fig. 7. The transformation of nodes. (a) A node in a 3-cube with e-cube
routing. (b) A node is a mesh with west-first routing.
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Fig. 8. Instance construction in the NP-completeness proof.

and then treat the transformed graph as a system with no
specific routing scheme.

As discussed in Section 3, in a system with indivisible
excess load, each overloaded node s; has one or more
indivisible entities of excess load e;1, €, ..., e, for some
k; > 1, each of which can only be transferred to an
underloaded node as an entity. Without loss of generality,
we assume that each overloaded node s; has exactly one
entity of indivisible excess load e; since if s; has k; > 1
entities of excess load, we can add a new overloaded node
s;; with one entity of indivisible excess load e;; and a new
edge (s;;,s;) for each entity of excess load e;;, 1 < j < k;, of
s; and treat s; as a neutral node.

We first show that the load-balancing problem with
indivisible excess load is NP-hard in the strong sense [12]
(in fact, we show that the problem of finding the maximum
load imbalance that can be eliminated without considering
the link contention is already NP-hard in the strong sense if
the excess load is indivisible). We then propose a heuristic
algorithm as a solution to the NP-hard case of the load-
balancing problem. The decision version of the load-
balancing problem of finding the maximum load imbalance
that can be eliminated is to ask, given a number B, whether
or not it is possible to eliminate at least B units of load
imbalance (without violating the link capacity and load
transfer constraints).

Theorem 2. The decision version of the load-balancing problem of
finding the maximum load imbalance that can be eliminated is
NP-complete in the strong sense if the excess load is
indivisible.

Proof. It is easy to see that the decision version of the load-
balancing problem is in NP. To complete the proof, we
reduce to it the multiprocessor scheduling problem [12]:
Given a set A = {a1,a9,...,a,} of n tasks, a length I(a;)
for each 1 <i<n, a number p of processors, and a
deadline D, is there a partition A = A UA, U---U A, of
A such that maxi<i<)(d_,eq (@) < D?

Given an instance of the multiprocessor scheduling
problem, we construct an instance of the load-balancing
problem (shown in Fig. 8) in which 1) each s;, 1 <4 < n,
is an overloaded node with indivisible excess load of
l(a;) units, and ¢ is an underloaded node with deficit load
of Y1, I(a;) units; 2) there are p node-disjoint paths from
u to v, all the edges on these paths have a capacity D, all
the other edges have an infinite capacity, and
B=3""1(a;). Note that the construction can be done
in polynomial time.

It is easy to see that at least B units of load imbalance
can be eliminated without violating the link capacity and
load transfer constraints if and only if there exists a
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solution for the multiprocessor scheduling problem.
Since the multiprocessor scheduling problem is
NP-complete in the strong sense, the decision version
of the load-balancing problem with indivisible excess
load is also NP-complete in the strong sense. O

Since it is unlikely to find a polynomial time optimal
algorithm for the load-balancing problem with indivisible
excess load, we propose below a heuristic algorithm for the
problem. Let G = (V, E) be the graph representation of the
multicomputer or distributed system under consideration
and C(u,v) be the capacity (for load transferring purpose)
of edge (u,v), for all (u,v) € E. Let s;, 1 <i <p, be the
overloaded nodes and ¢;, 1 <i < q, be the underloaded
nodes. Each overloaded node s; has indivisible excess
load e;, which must be routed to an underloaded node as
an entity, and each underloaded node t; has deficit load
d;, which is the maximum amount of load it can receive
from overloaded nodes. Without loss of generality, we
assume that e;s are sorted in nonincreasing order, i.e.,
€1 > e > > e

The heuristic algorithm (see Fig. 9) consists of two
phases. In Phase I, we treat the excess load as if it were
divisible and use the network flow technique described in
Section 3 to find a minimax flow f. If the excess load was
indeed divisible, f would be an optimal solution in which
the value |f] is the maximum load imbalance that can be
eliminated with the maximum link flow minimized. In
Phase II, we use the minimax flow f found in Phase I as a
“template” and route the entities of excess load one by one
in such a way that the resulting flow on each link will be as
close to the corresponding minimax flow as possible, i.e.,
the value f(u,v) found in Phase I serves as the target flow
for edge (u,v) to be achieved in Phase II. Since, in general,
larger amounts of excess load are more difficult to route
than smaller amounts, we will route the excess load in
nonincreasing order of load amount.

We use ¢; to refer to either the entity of excess load or its
amount. During the execution of Phase I, f'(u,v) is the total
load currently routed through edge (u,v). When the excess
load e; is currently being routed, we say that an edge (u,v)
is feasible if C'(u,v) — f'(u,v) > ¢; and a path from s; to ¢ is
feasible if all edges on the path are feasible. We will route
excess load e; from the overloaded node s; to an under-
loaded node ¢; (actually, to node t) only via a feasible path,
i.e., excess load can only be routed via a path in which each
edge has enough (remaining) capacity. Note that, in PhaseII,
vertex s and edges (s,s;), 1 <1i <p, are, in fact, not used,
i.e,, the underlying graph is G" = (V",E”) , where V" =
VU{t} and B/ = EU{(t;,t) |1 <14 <gq}.

The excess load e; is routed using a greedy type
algorithm, called ordered depth-first search (O-DFS). Note
that f(u,v) — f'(u,v) is the difference between the target
flow f(u,v) and the total load f'(u,v) currently routed
through edge (u,v). A large f(u,v) — f'(u,v) value implies
that the current load routed through edge (u,v) is still far
from the target value (note that f(u,v) — f'(u,v) may be
negative). Therefore, at each vertex u, we always choose
to traverse next the edge (u,v) that has the largest
f(u,-) = f'(u,-) value among all feasible outgoing edges at
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Algorithm INDIV-MMC01
Phase 1.

1 <i<pyand C'(t;,t) = d;, for1 <1 <q.

flow f for V.

Phase I1.

Set f'(u,v) :=0, forall (u,v) € L.

Step 2. For ¢ — 1 to p do the following:

at node wu.

Step 1. Construct a network N = (V', £/ s,t,C"), where V! = V U {s,t}, E' = E U {(s,s;) |
L < <plu{t,t) |1 << gt C'u,v) = Clu,v), for (u,v) € E, C'(s,s;) = ¢, for

Let w(u,v) = 1, for (u,v) € E, and w(u,v) = 0, otherwise.

Step 2. Treat each excess load ¢; as a divisible load, and use Algorithm MMCOI to find a minimax

Step 1. Sort all overloaded nodes in nonincreasing order and assume that e; > e; > -+ > e,,.

Step 2.1. Use the ordered depth-first-search (O-DFS) algorithm to find a feasible path from
s; to t, where the ordered DFS algorithm is similar to the DFS graph traversal algorithm
[13], except that when branching out from a node v we always choose to traverse next

the edge that has the largest f(u, -) — f'(u, -) value among all untraversed feasible edges

Step 2.2. If there does not exist any feasible path from s; to ¢, it means that the excess load
e; will not be eliminated when the next round of load balancing is performed. If there
exists a feasible path from s, to ¢, let P be the (first) path found by the O-DFS algorithm
(P will be used as the route to eliminate the excess load e; when the next round of load

balancing is performed). Reset f’(u,v) := f'(u,v) + ¢, for each edge (v, v) on P.

Fig. 9. A heuristic algorithm for the case that excess load is indivisible.

u and, hence, reduce the maximum f(u,-) — f'(u,-) value

at node w.

We use the following example to further illustrate the
heuristic algorithm INDIV-MMCO1.

Example 1. Suppose the constructed network N =
(V',E',s,t,C") of a system graph G = (V,E) and the
capacity ¢’ and minimax flow f found at the end of
Phase I are shown in Fig. 10a. The maximum edge cost
(link traffic) shown in the figure is 4 (note that only edges
in E are considered).

In Phase II, we initially set f’(u,v) = O forall (u,v) € E'.
We first route excess load e; (= 7). Starting from vertex s,
since f(Sl,’Ug) — f/(sl,l)g) =4 > f(sl, ’Ul) — fl(Sl, ’Ul) = 3,
the O-DFS algorithm will first visit vertex w,. Since
(vg,t9) is the only feasible outgoing edge at vertex vy, the

next vertex visited is ¢,. Then, vertex t is visited and a
feasible path from s; to ¢ is found for ey, ie. the path

s1, 2,19, t. For each edge (u,v) on that path, we reset
f'(u,v) = f'(u,v) + e; as shown in Fig. 10b.

We next route excess load es(=5). Using the
O-DFS algorithm, we find the feasible path
s9,v1,t1,t for e;. Note that, at vertex sy, although
f(SQ,tl) — f/(SQ,tl) =4 > f(SQ,’Ul) — f’(527’l)1) =1, W e
still choose edge (s3,v;) since edge (s2,t1) is not feasible
(C'(s2,t1) — f'(s2,t1) =4 < eg = 5). For each edge (u,v)
on the path found for ey, we reset f'(u,v) = f'(u,v) + e,
as shown in Fig. 10c. The next excess load to be routed is
e3(=3) and the path found for e; is s3,vs,13,¢ and, for
each edge (u,v) on the path, we reset f'(u,v)=
f'(u,v) + e3 as shown in Fig. 10d.

Finally, we route excess load e4(= 2). Starting from sy,
O-DFS first traverses edge (s4,t3). At vertex t3, since
there is no feasible outgoing edge, O-DFS backtracks to
vertex s4 and then traverses edge (s4,v2). At vertex vy,
since t3 has been visited, O-DFS next traverses (v, t1). At
vertex t;, both (t1,t) and (f1,%,) are feasible. Since
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Fig. 10. An example that shows how the heuristic algorithm works. (a)
After Phase | C'/f. (b) s1 (e1 =7) C'/f/f". (€) 52 (e2 =5) C"/f/f. (d) s3
(e3=3)C'/f/ . (&) 51 (ea=2) C'/f/ [

f(tl,t) — f/(tl,t) =3> f(tl,tQ) — f/(tl,tg) =2, the next
edge traversed is ({1,t) and the path found for ey is
s4,02,1,t. For each edge (u,v) on the path, we reset
f'(u,v) = f'(u,v) + e4 as shown in Fig. 10e.

The amount of load imbalance that can be eliminated
in this example is 7+ 54 3 +2 = 17, and the maximum
link traffic during load balancing is 7.

Note that the heuristic algorithm INDIV-MMCO1 is not
an optimal algorithm. It may not find the maximum load
imbalance that can be eliminated and, in cases in which it
does find the maximum load imbalance, it may not
minimize the maximum link traffic.

It is difficult to implement an optimal algorithm for the
load balancing problem with indivisible excess loads.
However, the result of an optimal algorithm for indivisible
excess loads cannot be better than that of Algorithm DIV-
MMCO1 for divisible excess loads. Our heuristic algorithm
INDIV-MMCO01 is compared against Algorithm DIV-
MMCO01 and two other heuristic algorithms, INDIV-Max-
flow and INDIV-Simple by applying to an 8 x 8 mesh
network used in Section 3 instead of comparing with an
optimal algorithm. Algorithm INDIV-Maxflow is an algo-
rithm using a maximum flow algorithm instead of MMCO1
in Phase I of algorithm INDIV-MMCO01. Algorithm INDIV-
Simple has no Phase I and chooses the edge with largest
C'(u,.) — f(u,.) instead of that with largest f(u,.) — f'(u,.)
as the next traversing edge of node v in Phase II of
Algorithm INDIV-MMCO1.

In the mesh, every overloaded node has a total excess
load of 800, which is divided into several entities. The
number of entities in each overloaded node was varied
from one to 16 and we experimented with three algorithms.
Fig. 11 shows the average maximum link flows obtained
from three algorithms. The maximum link flows obtained in
two other heuristic algorithms get closer to the link capacity
(= 1,000) as the number of entities in each overloaded node
increases. By contrast, the maximum link flow in our
heuristic algorithm INDIV-MMCO01 is much smaller than
the link capacity and gets closer to the optimal maximum
link flow (= 640) obtained by DIV-MMCO01 as the number of
entities increases; in other words, the average size of entities
decreases.

The time complexity of the heuristic algorithm is shown
in the following theorem.

Theorem 3. Phase II of Algorithm INDIV-MMCO1 has a worst-
case time complexity of O(p - m - log m), where p is the number
of excess load entities. Algorithm Indiv-MMCO01 has a worst-
case time complexity of O(m - M(n,m) +p - m - logm).

Proof. As mentioned earlier, the underlying graph in
finding paths from overloaded nodes to underloaded
nodes in Phase IT is G" = (V", E"), where V" =V U {t},
and E" = EU{(t;,t) | 1 <i < q}, where ¢ is the number
of underloaded nodes. The well-known DEFS algorithm
can be done in O(x + y) time [13], [14], where z is the
number of vertices and y is the number of edges of the
graph traversed. For our O-DFS algorithm, each time
when we first visit or backtrack to a vertex, we always
traverse an untraversed edge with the maximum f(-,-) —
f'(-,-) value. Therefore, traversing all outgoing edges at a
vertex u takes at most O(d°(u) - logd’(u)) time, where
d°(u) is the out-degree of u and the logarithm is to the
base 2. Thus, the total time to route excess load entities is
at most [13], [14]
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Fig. 11. Maximum link flows when excess load is indivisible.
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) -log d°(v) < |V”| +log(m + q Z d’(v

veV”

=n+1+(m+q)-log(m+ q).

Since we need to route p excess load entities, e;, 1 < i < p,
the worst-case time complexity of Phase 1II is

Op-(n+1+ (m+q)-loglm+q))) =0(p-m-logm).

(Note that since we assume there is only one entity of
indivisible excess load on each overloaded node and
there is at least one directed path from a vertex to any
other vertex in GG, we have m > n > p,q.)

Phase I of Algorithm INDIV-MMCO01 has a worst-case
time complexity of O(m - M (n,m)) since it is Algorithm
DIV-MMCO01 and its time complexity is O(¢ - M(n,m))
and 1 </¢<m, ie., £=0(m) in Section 2.2. Therefore,
algorithm INDIV-MMCO01 has a worst time complexity of
O(m - M(n,m)+p-m-logm). ]

6 CONCLUSION

In this paper, we have considered the load-balancing
problem in multicomputer/distributed systems that use
circuit switching, wormhole routing, or virtual cut-through,
with the objective of finding the maximum load imbalance
that can be eliminated and the route to eliminate the load
imbalance without violating the (traffic) capacity constraint
on any link while minimizing the maximum link traffic
among all links. Minimizing the maximum link traffic
balances the network load among all links and reduces the
probability of link contention.

We assume that load imbalances of each node can have
arbitrary values, each link has a link traffic capacity, and the
maximum traffic volume that can be transferred over it
during load balancing. We also considered the effect of
existing IPC traffic. We have solved the problem under
various conditions. The solution approach is based on the
minimax flow algorithm with a 0/1 weight function,
MMCO01. We gave an optimal algorithm DIV-MMCO1 for
the load-balancing problem with divisible excess loads with
the time complexity of O(m - M(n,m)), where n is the

number of nodes/processors and m is the number of links
in the system, and M(z,y) is the time complexity of finding
a maximum flow in a network of x vertices and y edges.
Our algorithm assumes that the system does not have any
specific routing schemes. We proposed a simple and unified
graph transformation technique which transforms systems
with specific routing schemes to systems without specific
routing schemes, thus making our algorithm applicable to
systems without specific routing schemes. We also con-
sidered the load-balancing problem for the case in which
excess load is indivisible. We proved that the problem is
NP-hard and proposed heuristic algorithm INDIV-MMCO01
as a solution to the problem based on the DIV-MMCO01
algorithm, with a time complexity O(m - M(n,m)+p-m-
logm) heuristic algorithm as a solution to the problem,
where p is the number of excess load entities.
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