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ABSTRACT

An optimal control problem containing restrictions on control
variables and integral equality and inequality constraints is con-
sidered. A relatively simple and self-contained method for deriv-
ing new second order necessary conditions for such problems is
presented. The new conditions derived here generalize some of the
results reported in [3], [6], [9). The method developed is quite gen-
‘eral and is also applicable to optimal control problems including
state or mixed state-control inequality constraints and to optimal
control problems governed by partial differential equations.

1. INTRODUCTION

In a recent paper, Warga [l presented a simple and self-
contained derivation of new second order necessary conditions for
an abstract optimization problem containing restrictions in the
form of finitely many equality constraints and in the form of (pos-
sibly infinite-dimensional) inclusions in closed convex sets. His
elegant proof is based on the separation of convex sets and on a
suitable fixed point theorem. l/nlike somewhat similar necessar;
conditions obtained by Berpstein [2] and Bernstein and Gilbert [3],
the Lagrange-type multipliers ! of Warga [I] may be common to
all elements of a certain set Y ,5 of critical variations (see Section
4 below) and need not be chosen separately for each eritical varia-
tion. Furthermore, the set C in (1] defining the infinite dimen-
sional constraints may be an arbitrary closed convex set and not
necessarily a cone. These appear to be important improvements
over the results reported in [2), [3], [4]. See [5] for a survey of
higher order necessary conditions in unrestricted optimal control
problems. For related work (with different approaches) on res-
tricted problems, see [2), [3], [4], [B], [7], [8] and references therein.

The main goal of this paper is to present a self-contained and
relatively simple approach to second drder conditions in optimal
contrcl problems (governed by ordinary differential equations)
including constraints on the control variables, and integral equal-
ity and inequality constraints. The second order conditions that
we obtain here generalize Theorem 3.1 in [3] and also the results in
[8]. The theory developed can also be extended with little modifi-
cation to relaxed controls (although we do not consider relaxed
controls here) and, therefore, generalize some of the results of [3]
and [4]. In a forthcoming paper we shall apply the basic ideas we
develop here to optimal control problems with state or mixed
state-control inequality constraints. The approach makes use of
the dependence of solutions of differential equations on parame-
ters, the ideas in Warga [1] and our previous work in [9].

The paper is organized as follows. In Section 2, the optimal
control problem is stated. Section 3 introduces the notation and
assumptions to be used in the subsequent sections. We present
the main results in Section 4. Section 5 deals with the dependence

'The work reported in this paper was supported in part by the NSF Grant
No. EC5-8409838.

of solutions of differential equations on parameters. In Section 8
proofs are completed, and the paper concludes with Section 7.

2. STATEMENT OF THE PROBLEM

Let I : = [t t,] be a fixed, closed, and bounded interval of
the real numbers Rand S C R"™. Let M([,S), L ([,S), and
AC(I,S) denote, respectively, the linear spaces of all functions
F . I—S which are measurable, measurable and essentially
bounded, and absolutely continuous. For open sets X CR" and

L'CR™, define
X:=u4acux), Ucmu.v)

[ IXXXU > R*,

6, vy IXXXU >R, i=01,... , M;j=1,... N,
¢:=1(01, ..., 0y) Yi=(v,. .., v5)

$: =‘(¢0,¢1, co M)

¥ = (¢0.01 - - - MV - UN)-

The optimal control problem is to find a pair (z(-),u (")) in
XXU which minimizes the functional

tz
J(z,u):=f¢°(t,z(t),u(t))dt (1)
t
subject to
d’d(t” = [(tz(t)u(t)), aa t€l, 2(t) =2z, (2
te
Joi(tz(t)u(t)dt =0, i=1,... M, (3)
t
Jo;(tz(t)u(t)dt <0, j=1,... N (4)

3. NOTATION AND ASSUMPTIONS

It is necessary to introduce the following notation and

assumptions concerning the functions defining the optimal control
problem.

\ Let A be an open s_ubset of B7. The first derivative of a
C mapF : A >R’ at T¢A is defined to be the linear map

F'(3):R"—R", y=F'(3)z,

CH2245-9/85/0000-0609 $1.00 € 1985 IEEE



where F'! (@) is identified with the Jacobian of F at @. If F is
C? on A, then the second derivative of F at @ is defined to be
the bilinear map

F” (E).RY XRT _.R"
Here T denotes the transpose and F''' (@) is the Hessian matrix
of F. The ¢** component of the vector y is understood a:
v = z{F;" (@)z, where F;" () is the r Xr symmetric
matrix of second partial derivatives of the § 4 component of F at
@. For notational simplicity,

y =zf F" (T)z,.

F" (@) zp2g): = 2fF" (@)23 F" (3)2?:=F" (3)(z,2).

Now suppose that F : A;XA,—R*' is C!, where
A; CR", i = 1,2 are open, and let @ = (@}, Tp), §; €A;.
The first partial derivative of F' with respect fo @, at @, denoted
by F, (@), is the first derivative of the map F' : A —R"*, where
F(a,):= F(a,,@,;). F, (@) is defined in the obvious manner.
If F is C2, the second partial derivative,

Fﬂ)dk(a) :erx R"k _’R'

is a bilinear map identified with s r; X r, matrices of the second
partial derivatives of F;.

Assumptions

Al. For each ¢ €], the functions

(z,u)=f(t,z,u): X XU -R",
(z,u)—®(t,2,u): X XU -R"*M,
(z,u)=9(t,z,u): X XU —RY

are all C'2,

A2. For each (2,4 )€X X U, the functions
t = f(t,zu):] ->R",
t »®(t,z,u): 1 - RWM,
t > (t,z,u): I - RY

are all measurable.

A3. There exists a nonnegative integrable function k¥ : I — R
such that for all (¢,z,4 )€/ XX XU,

b+ 00+ el +fal + |l + 1 Ju [ <K,

[l + 10 |+ [®u ] + 19, [ + [Son | + [P0 | <K,

[0l + 19 |+ 10| + [V | + [Ya | + [ | <k

A4. U isconvexin R™.

Throughout this paper, (?(),F())EXXU denotes an
optimal pair, i.e., a solution to the optimal control problem (1) -
(4). The evaluation of functions on {Z(-),% (*)) will be represented

by a superbar, e.g., f_, (t):= 1, (¢, F(t),T(L)).

4. MAIN RESULTS

In this section we state main results of the paper and give
the proofs in the following sections.

We begin by defining the sets X and U of, respectively,
state and control variations.

i X:=Ac(l,R"),

) UCLoll, B,

i) UcU-7(): = {v(.)
v o0eU.

v()=u()-7(3 0V ,

The set of critical variations is defined as one of the follow-
ing two sets

Y, = {(y(-),v(')) eix fjl(y(-),v(-)) satisf ies (a)}, (5)
Vas:= {0 () € Xx U000

®)
satisf ies both (a) and (ﬂ)},
where
(@) [ [Bue(0)y(t) + ou (O)u(t) ] &t <o,
f[B,(t)y(tHEu(t)v(t) Jée=o,
' (7)
[ [B ) + Tt @t <0, j =1, Ny
dyd(tt) =T (D)y(t) + Tu(t)o(t), an t €1, y(t;)=0.

(8) For (y(),v())and (n{-)w(’))in Y, with v()#w(),

ty

[ [P (O] + B (O (0()0(t) ] &t <0,

t

tz (8
[ [ ) (0)a0) + Fusl) ()0 () | &t =0,

.wju (t) (y(t)vﬂ(t )) + Ejuu(t) (v(t ),W(t )) ] dat S 0,

i=1,..., N

Remark 4.1. Recall that for unrestricted problems, that is for
M =0, N =0, an optimal control ¥(¢) is said to be singular
in the sense of Pontryagin's maximum principle,

if there is a nonempty subset Uot U- #() (with U convex )
such that (see [5].[9])

H, (4 F(0), (M )e(t) =0 for all ()€U, (9)

Here H =¢,+ 2T 1 | dX(t)/ dt
= - H,(t,:?(t),i(t),X(tt)), and M\(ty) = 0. Condition (9) is

equivalent to saying that [¢g, (¢,Z(¢),¥{t))y(¢)dt = 0, where
t
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y () is the state variation defined in (7). Thus the above defini-
tion of critical variation can be regarded as an extension of this
definition of singular controls to the constrained optimal control
problems.

Remark 4.2. Condition (8) is essential in proving satisfactory
second order optimality conditions in restricted optimization prob-
lems if it is desired to have a Lagrange-type multiplier [ indepen-
dent of critical variations (that is, / common to all elements of the
set Y ,4). See [1]. However, in the absence of (8), one can derive
somewhat less satisfactory conditions in which the multipliers [
have to be chosen separately for each critical variation (see
Theorem 4.2 below and [3]).

In what follows, the following definitions will be used.

N
6R1+Al+ ,

I . ”0.11112) == (10,11,121, ey I-zN)

Hit,z,u) : =1T¥ +2Tf .
=lopg+ 1T+ 1Tv+ 2T S

(10)
ts
J, o= {j €ll,...,N} fﬁj(t)dt -_—oJ
t
We now state our main results.
Theorem 41. 1If (T(),T (")) solves the problemlél) - (4) under
the assumptions Al - A4, then there exist | € RI*M+N 44
(%) EX, such that
{ #0, IOZOv (11)
lo; 20, j€{1,...,N}, (12)
12j =Or JE{L:"\"}\ Ja’ (13)
ty
N =] [TE 0+ 2000 | a, (19
t
t, it
[ A, M)eit)at >0, for all v()eU (15)
ty
tg
f [H,,(t,x(t))(y(t))2 + 2H (L M)y (1), v (1))
t
1 (16)

+ H (EMONe (0 | de >0, for all (y(t)0 ()€Y as

Remark 4.3, Note that condition (18) holds for all elements
(¥(),v("))EY 45 That is, the theorem asserts that a Lagrange-
type multiplier | and the corresponding X exist such that (16) is
satisfied for all the elements of Y 4.

Theorem 4.2.

each (y(-),v(-))EY, there exist 1eERWMN 4pd )\(')EX such
that (11) - (18) are satisfied and

Under the same conditions of Theorem 4.1, for

ty

[ [ Bt MNP + 2B,y (€ NN ()0 (1)

f (17)

+ Bl MO ()2 ] dt 20

oM

Remark 4.4. Theorem 4.1 corresponds to Theorem A in [1] for
abstract optimization problems. It generalizes Theorem 3.1 in [3]
and thus the result in [6). Theorem 4.2 is less satisfactory in the
sense that the second order optimality condition (16) may not bold
for all (y(-),v())€EY,. In other words, the Lagrange-type | may
not be common to all the elements of the set of critical variations.
We will prove both Theorems 4.1 and 4.2 by the same argument
(although the proof is much simpler for Theorem 4.2).

For additional remarks and elaborations on Theorem 4.1, we
refer the reader to [3].

5. PARAMETER DEPENDENCE OF SOLUTIONS OF
DIFFERENTIAL EQUATIONS

In this section we comnsider a suitable perturbation of the dif-
ferential equation (2) and study the dependence of the sclution of
the perturbed equation on the parameters defining the perturba-
tion. Materials in this section are a basis to the proof of
Theorems 4.1 and 4.2.

Let ¢, | €| < 1, be a small parameter and let v(-),w(')EU
be bounded measurable functions. Clearly, for sufficiently small ¢,

the function 4, : =¥ + ev + 3 2w belongs to the open set

U. Consider now the initial value problem:

dz (t)
dt

= f (tvzc(t )7“c(t ))7 a.a. ¢ EI! zc(tl) =1I (18)

. For € =10 we have z{t)=Z(t), a.a. tE€] by the
uniqueness of solutions of ordinary differential equations. Let y ()
be the solution of the linear initial-value problem.

Ly(t) = F,(t)v(t), y(t) =o0.

(19)

d: -
where Ly : _d!tl -T.v

The derivative 3z (t)/ O¢ exists (see, e.g., [10], Theorem 11.4.9, p.
195) and for ¢ = 0 we have

dz (1) ]
=0

de
The second derivative of z,(t) at € = 0 exists by the same
argument and thus setting
] =0

z(t):=[ _

y(t), aatel

3%z (t)
de?

we have for a.a.t €],

Jw(t)+ fzz(t)(y(i)F
+ /uu(t)(v(t))Z! (20)

Lz(t)=T,(t
+ 2], ()y(t)o(t)

z(t))=0.

Here the linear operator L and the function y are as defined in
(19).

Next let €> 0, ¢;; > 0, and d;; 2> 0 be nonnegative real
numbers satisflying

k
Y ¢; =1for each i =01, ..

j=1

LM,



{
3 d, =1 for each i=01..., M,

r=]

ci %c,‘j} +-2€2é Ed,,]SI,

j=1 U i=0 re=] U i=0

ol —

where k and | are arbitrary positive integers. Also let

M
=(00,01,. "’0M)7 0‘-_>_0, |0‘ = E 0,‘ = 1.
f =0
Finally, define
u(t) = i'i(t)+ev(t)+—;62w(t)
1
2
=T +e D [0 0 i | Poi0) (21)
j=1 Li=0

1 i
—62 Z 2 dlr v t)v

2 r=1 {0

where v;(-) and w;(-) belong to U Obviously, for

0<e<1, u,(-) takes values in the set /. Consider now the
initial-value problem (18) with u () defined in (21):

dz (t)
dt

=[(tzft)ult)), aa t€l, z(t)=2{22)

Lemma 5.1. The solution z {') of the initial-value problem (22)

is of the form

k M ';
() =F(t)+e 2 [T b, ] ¥ (t)
j=1 (im0
1§

+—;22 Eo

re=] {=0

2, () + o(e€?),

where o (€2) —0 uniformly in ¢ as e—0+ and y; ( }and 2, (") are
solutions of

Ly;(t)= f,(t)v;(t) aa tel, yi(ty)
=0 5=1 k (23)
Lz, (t) = [ (t)w, () + [ (t )y (1))
+ 2L ()Y () () + [ (t)v (),
aa. t€l, z.{t})=0 r =1, 1,
where
M 1
k
v =% (S0 |yt satel @
j=1 (-0
Proof. Since the first and second derivatives of z, with respect

to € exist, we can write

z(t):=7 (t)+ey(t)+—2£ z(t) + o(ed).

Lz=T,w+)T,,y2+2f"(y,v)+f“vz, (20)

z(t;) =0, w as defined in (21).

We have to specify the forms of y{*) and z(-) in these relations.
It follows from (23) that

£ M '; — L M ';
Y 29;0.','] yi(t)=f.(t) ¥ 29;6.','}
Jum] im0 jmili=m0
Uj(t), a.a. tEI, (27)
d
2

55 e] y;(ty) =0,

J=14{=0

Comparing (23) and (27) and taking into account the uniqueness
of solution, we see that

ol

y;(t).

E ‘=00c ]

j=1

Similarly, from (24) and definitions of ¢;; and d;, we have

Zﬁd,,]

r=] 1 =0

> o 4
r-=1 V=0
w, (8) + [0 (E)y (t))?

_ _ (28)
+2f W () (),0(t) + [ ()0 (2))P
aa. ltEl,

{ M
E 2 0t'do'r)
r=1 \i=0

Comparing (28) and (26), we see by the uniqueness of solution
that z has the form asserted in the Lemma. This completes the
proof.

Lemma 5.2.:

to t2
Jo(t 2 (t)uft))dt = [$(t)dt +- 2H 6 + ofe%,0) +(a,,, )
ty t;

where a(€?,0) -0+ uniformly in ¢ as € — 0+, H is an
(M + 1) X(M + 1) matrix whose columns are defined by the
(M + 1) vectors

te &

f 6::(‘) Z ct‘j(yj( )) +2¢zu t)z u y) t)r J(t))

ty J=1

— k
+d>u.(t)_2lc (v (8)2 + &, (1 ) S dyz(t)
1= raa]
Hy d.-,w,(t)}dt,
r =]



~ ts

and where g is the nonpositive number 7 f [ i" (¢ )y (t ))2 + 2;"“ Ny (t)v(t)) + ﬁw(t Jv(t))?
ty
‘2 k(M .
2 30
ao —Ef ‘po: ) E E 00'61'1'] yj(t) — - o
j=1li=0 +\ll,(t)z(t)+\llu(t)w(t)] dt >0
Py 3 1,7 h d h bull. Clearly, K and C
+ 4, 6; ‘ 1. - where co denotes the convex hu early, K an are convex,
,El l,go i , Y ()] dt+ e ! Posa (1) 0cK ,06C and K is open Thus by Lemma 8.1, either there
! exists [ ; = (1ol 0,05)€ [0,00) X RM x RN satlsfymg
1 1
k M 3 M 3 Remark 5.1. Similar expansion holds for
E [E 91' iy ] [ 2 95 Cip ] (yj(t )vyp(t)) Y= (L”l» Ce 1r")‘\/)'
P!J*-_l § =0 § =
Py —
J 150, le 20, \t ¢€C, and k<0 V¢ k€K
E 1
-— M —
+ ¢ 2 . L _
Fous )P ; . ;Eo b, cij I X6 C.’p] (v]'(t),vp(t )} | dt. Or there exist € :=(&3,€/,6/)EC and B;, i=0,1, ..., M
= = 1 =0
Py such that the set {(EJ,{{)' i =01..., M is linearly
Proof.  Write the first three terms of the Taylor series independent, <0, E}‘ €K, i=0], M,
expansion of ® about ¢ = 0, use Lemma 5.1 and the fact that 8;>0, i =01,..., M, ¥ ;=1 and E B & =0
(yg )v ( ))6) af . . '-0 3 =0
From the first alternative we obtain
8. COMPLETION OF PROOFS o
We shall use the following lemma on separation of convex forall (y (), v ()€Y 55 and all (z(-),w (-)) satisfying (20).
sets, which is a special case of Lemma V.2.1, p.299 of [10]. We prove that the second alternative cannot hold for the
above choices of K and C'. So assume, on the contrary, that the
Lemma 8.1. Let C be a convex subset of secondkalternatlve holds. Thus there are nonnegative numbers
Rx BRM XRN_’ K an open convex subset of ¢jv L ¢ =1fori =01 .., M and (; () () in
RY 0€C, 06K . Then either there exists =1 o
;= (lg.d,15)€10,00) X RM X RN such that Yos (2 ().wi; (1)) satisfying (21) such that
1540, P N
€= (eee) = 3 e f [Faalt)uy (0F
le 1=10C0+1161+126220 \'f [ 2=(C0,C1,02)€C, =1 ty
—_ I 2
l2k _<_0 V keKr +2w:u(t)(yq( )s U(t))+wuu(t)( ( ))
or there exist points § : = (Eo El,fg)EC and pumbers + ;,(t ai; (£) + W“ (t)uy; (¢ )] dt.
:>0,¢f =0]1,...,M suh that 8:=1, & €K, the
B > ‘,go i y &2 Representiug all the distinct (y|J ()v: (1) as
L0, (3 (0 )l the distinet (2 (g () o
set {(foo,flo), R (§0M,§lM)} is linearly independent, (z30)wy(), - . ,(z (), w)( )) and redeﬁnmg ¢;; appropri-
ately, we can write
& <0, i=01, .. Mmg@e,:o _ S
= ¢ = (b= | T e | [Balig o
.7"'l 4

Proof of Theorem 4.1. Define the sets

+ 28,0 ()55 (1), 05(0) +$w(t)(v,~(tn2]dt+ ¥ d,
K:= {keRN lkj< 0for j€EJ, } =

}2[5,(t)z,(t)+$.,(t)w,< )], .,E([,,t)y, )

31 g =]
ts
¢ = ol [T (0 + 20, () ()0 (1) ) _ ,
f1 + 202"(')(!]1(‘),1)]“)-}- wuu“)(v](t)) dt

T (00 + T, (0):(0) + T Jut) |

b 5 B0 1)+ Ty (0w, (0] -

ER™HH | (50 (EY 4p (2()w()) satisTy (20) | SRS

Using ¢;; and d;,, the functions v; () and w,(°) in (21) we
15£0, 1,20, 1;k< 0 \v4 kek (29) define u (-} as in (20) and find the corresponding z,(¢) in (21).
s il g} 2 =

By Lemma 5.2 we have
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ts ts
JO(t,z (t)ult)dt = [&(t)dt
h ta (32)

~

+ 3 O+ ale0) + (ap0),

where now the (1 + M)X(1 + M) matrix H with linearly
independent columns (&g,€/) defined 1n (31), 1 = 0,1, ..., M,
is nonsingular. Let

ﬁmin : = min {)90,/31, P ﬂ}r{ }

and observe that there exists € > 0 such that
| 2H a(e?,6) | géﬂmin for |6] =1and 0<e<T (33)

Choose € sufficiently small so that

—_—

r=1 ({==@

and
§S:= {8 = (80,81, . . ., 8y )€ RM+!
1 .
[ 1= 985 1 <3 B 0 <)
The set S is clearly compact and convex and
8 €S implies 0<—; Wrin< 3 and |8 | <€ (34)
Furthermore, the mapping
2 g
8§ =3 - = Hlo(]s],

£
| | ls |

where 3 : == (83,8, . . ., Byy) is continuous and it easily follows
from (33)-(34) that it maps S igto S. Thereforg, it has a fixed
point $ €S. Let us write 8 = €, e=]s |, |6|=1. Thus

).‘S—»RH'M,

we have shown that for some €>0and 6, | 0] =1,
o(20) = -;m}w ~ ey

-~

and so, defining z,(*) and a, the same way as z () and ag but
with €, 6 replacing €, 0, it follows from (32) that

ty tz
[ @tz () (t) dt = [ Bt)dt + 5 rH 3+ (o),
t

t

from which we deduce

t, ts

Joolt () uft)) dt = [ (t)dt + = 6’7213 &+ ag

t) t)

ta i
< [&olt)dt + aq < [B(t)dt,
t 1
to
Jolta(t)u(t)dt = f¢ it + 363 86
ty | w0

ts
= [4(t)dt =o0.
t

We need to show that the pair (z(*),u (")) satisfies the ine-
quality constraints (4). An expression similar to the one in (32)

yields

to ty

fy t . fa— = M
{v( 2 () u(t))dt = ft,) dt+2lez‘§

o; fg[g_{)“(l)i C;J-(yj(t))2+2;”zu(t)(yj(t)’vj(t))

J=1

ts
RO OF] &+ [ 8 4 [P0

ty r=1

+ QEu(t)w,(t)] dt; + ay + a(,0)

te
*f /‘(t di +-2€ 200£2+a2+a(6 ,0),
{ -
where ag:= (ag, ..., @gx), @g; <O, is defined similar to

a ¢ but with ¥ replacing @, and where a( 2.6)—0 as e—0 + uni-

formly in 6. Noting that £J€K , and a9;<0, j=1,...,N,
we see that for sufficiently small € (speclﬁcally € =¢) each com-
poneat of the right-hand side of {35) is nonpositive. In conclusion,
we have proven that the pair (z:(+),u;(")) is an admissible one at
which the cost functional is less than the minimum value. This
contradiction shows that the second alternative cannot hold. We
now derive the optimality conditions (11)}-(16) from (29) and (30).
Conditions (11)-(13) are just equivalent forms of (29). To
derive {14)-{18), define the absolutely continuous function X on [
by

t2

MO =[[ITERGOTRo] e e

t

Setting v = 0 in (30) we have
fIT [" )2{t)+ ¥ (t)w(t)] dt >0 (37)

for all {z(),w()) satisfying (20). But notice that (20) with
v = 0 is equivalent to
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dz {t) —

T F0)z(t)+ Fu()w(t), z(t)=0.

(38)

Application of integration by parts to the first term of (37) yields

t; tz ] te
JITE, (0):(t)dt = [ | [IT, (1)dr -did(t‘Jdt (39)
t t,] ¢t

Substituting from (38) into (39), using (38), simplifying, and
finally substituting the result back into (37) yields (15).

To derive (16), we again use (30) but this time set w = 0,
so that z now satisfies (see (20)).

dz (t)
at

Felt)e + Foa(t)y(8)7 + 2 o () ()0 (1)
(40)

where (y(-),v(-)) has been defined in (19). Use the relation (39)
with z as in (40) and repeat the above calculations to derive (186).

Proof of Theorem 4.2. The proof is almost exactly the
same as that of Theorem 4.1. Here we define K as above but for
each (y(*),v (")€Y 4, the set C is defined as

Clyyi = [ [a®,0 (1) (02 + 20T, (0 )y ()0 (1)

3

4 oW (O + F, (002 () + () (0) |

€ RItM+N l 0<a<]1, and (z(")}w(')) satis{ying (20)}.

Clearly C(,,) is convex and contains zero (taking
a=0, w ():—'_O)) Accordingly instead of (21) here we define
1 { M
wit):=T() +av(t) + 5 E D [g 6.d;, | w;(t), tel,
r=1 Li=0

and proceed as in the proof of Theorem 4.1. Note that in the
present situation, the expansions of ¢ and ¢/, around ¢ = 0 con-
tain no cross product terms such as, for example,

6,00 (1) (t )y; (t). The corresponding terms 2q and a, are still
nonpositive in here and thus the proof proceeds exactly as in
Theorem 4.1.

7. CONCLUSION

In this paper, we have developed a new method for deriving
second order necessary conditions for optimal control problems.
The method is applicable to a wide range of optimal control prob-
lems including state or mixed state-control inequality constraints.
It is also suitable for control systems with distributed parameters.
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